HECKE OPERATORS FOR MAASS WAVEFORMS ON PSL(2,Z) 
WITH INTEGER WEIGHT AND ETA MULTIPLIER. 

FREDRIK STROMBERG 



Abstract. We construct Hecke operators acting on Maass waveforms of in- 
teger non-zero weight and transforming according to a non-trivial multiplier 
system on the modular group. Using these Hecke operators we obtain mul- 
tiplicativity relations for the Fourier coefficients of such Maass waveforms. 
These relations generalize the usual weight zero relations. We also obtain 
an unexpected relation between coefficients with positive and negative indices 
with a constant of proportionality involving the Laplace eigenvalue. Numerical 
examples of multiplicativity relations are given at the end of the paper. 



1. Introduction 

In the theory of modular forms Hecke operators are extremely useful in or- 
der to obtain certain arithmetical information about the objects of interest. The 
most common application is to derive multiplicativity relations between Fourier 
coefficients of modular forms thus demonstrating the existence of Euler product 
expansions. 

Introduced by Hecke [7] and subsequently developed by e.g. Shimura [18], the 
theory of Hecke operators, T n , has been developed in great detail. Foremost this 
was done in the setting of the modular group, integer weight and the multiplier 
being trivial or a Dirichlet character. For congruence subgroups Tq (m) the theory 
was worked out by Atkin and Lehner [2]. In these cases Hecke operators T p are 
denned for all primes and extended to all positive integers by multiplicativity. On 
To (4) Shimura [19] showed that there only exist Hecke operators T p 2 for p > 2, 
acting on modular forms of half integer weight and transforming according to the 
theta multiplier system. For more introductory texts see for example \T\ 14} [6j fTT]. 

Another approach to Hecke operators acting on spaces of modular functions 
with a general multiplier system and weight was initiated by Wohlfahrt [22] and 
subsequently developed further and applied by van Lint [21] . In this paper we 
will see how these operators can be used to derive new multiplicativity relations 
for Fourier coefficients of Maass waveforms with integer weights and eta multiplier 
system. 

2. Basic Concepts and Notation 

Although most of our definitions would work also for subgroups, we will re- 
strict ourselves to the modular group, T = PSL(2,Z) {±7}\r, where T = 
SL(2,Z) is the group of two-by-two matrices with integer entries and determinant 
one and I is its identity element. The hyperbolic upper half-plane is defined as 
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Ti = {z € C|3z > 0} endowed with the metric ds — T is known to act as the 
group of orientation preserving isometries of 7i and the action of T on functions / (z) 
defined on Ji is given by the so called the slash action g : f (z) i— > f\ g (z) — f (gz) , 
where gz = for g — ( " J) € F. For any z € C we always consider the principal 
branch of the argument, Argz g] — w, n] and set e (z) = e 2nlz . The greatest common 
divisor symbol (•, •) is extended to by (a, 0) — a for all integers a. 

If k is an integer we know from the theory of holomorphic modular forms (e.g. |6j 
or [16]) that there is a weight-A" action of T on holomorphic functions F (z) on H 
given by g : F (z) » F {{k>g} (z) = (cz + d)~ k F (gz) for g = (**) € T. We 
are interested in non-holomorphic modular forms, Maass waveforms, which are 
eigenfunctions of the weight k Laplacian: 

a 9 2 ( d 2 d 2 \ ., d 

A fe = A - iky— = y — + — - iky—. 

ox \ox z oy / ox 

Afc can be derived by separation of variables from the Laplace-Beltrami operator 
corresponding to a certain metric on W x S 1 , cf. e.g. Selberg [III pp. 81-83] or 
Maass \12\ pp. 174-175]. If x is an Y (unitary) representation of T and F is a 
holomorphic modular form satisfying F^ kg y (z) — x{9)F(z) for all g S V the 

— 

function / (z) = ($$z) 2 F (z) is an eigenfunction of A^ and satisfies 

(z)=x(9)f (*), for g=(° b d ) e f, 

where f\\k,g] i z ) — 3g ( z \ k) 1 / (gz) , and j g (z; k) = e lkAr s( cz + d ) , p or an y rea ] num- 
ber k, a multiplier system of weight k on T is a function v : T —> S 1 such that 
v(-I) = e~* lk and v(AB) = j A (Bz; k) j B (z; k) j AB (z; ky 1 v (A) v (B) for all 
A, B e T. If A: is integer then clearly v (AB) =v(A)v (B). 

An example of a multiplier system of weight k is v 2k , where v v is the so called eta 
multiplier system given by the Dedekind eta function 77 (z) = e (t|j) n^=i (1 — e C 71 - 2 )) 
One can show that 

V[k, g ] ( z ) = v n (g) v ( z ) , 9 = ( c d) e r, 

where (g) is a 24-th root of unity given explicitly either in terms of a Dedekind 
sum [U thm 3.4] or a quadratic residue symbol |10[ p. 51]. For our purposes we use 
the latter approach resulting in the following formula, valid for positive odd c and 
integer k: 

(i) <{ a c b d )= e (^[(, + rf)c- M (^i)-3c]),(-) e r. 

To distinguish between different multiplier systems, in particular between v and 
v the following Lemma from [2"T| p. 11] is useful. 

Lemma 2.1. Let v be a multiplier system of weight k on T. Then there exists a 
unique £ S S 1 and a function w :T — > Z independent of k such that for each 4eT 

v(A) = C (A K 

Furthermore £ «'s <?«i>en by t; = v(T) where T = (\\) and can be written as £ = 
^e 2 ^ for a unique 6-th root of unity, Thus there exist exactly 6 different 
multiplier systems (of any real weight k) onT (cf. also [16t p. 83],). 
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Definition 2.2. We introduce the notation Xk (d) = >T fe (i-d) = i fc(<J-i) j wmcn 

agrees with the quadratic residue symbol (-jf) if d is odd. Note that Xfc is only 
a character on odd integers but if m = ad with km = ±k mod 12 then either k is 
even or m is odd hence \k (d) is always real. 

2.1. Maass waveforms. In this paper we fix an integer weight k ^ mod 12 
(without loss of generality 1 < k < 11) and a multiplier system v = v 2k given by 

1 = v (T) — = e (a) , i.e. a = Note that £ n = 1 if nk = mod 12. Set 

A Maass waveform on T of weight k and multiplier system v is a function / (z) 
on W such that f\ [k<A] = v (A) f (z) for all 4 £ T, (A k + X) f = with A = 

2 + R 2 > and / r ^ w |/ (z)\ 2 d/i (z) < oo where /jl(x + iy) = is the hyperbolic 
area measure. Such / is automatically cuspidal, i.e. / (z) vanishes at zoo and to 
stress this some authors use the name Maass cusp form instead of Maass waveform. 
For simplicity we only consider X > j, i.e. R G K. The space of all such Maass 
waveforms with these parameters is denoted by M(r, v, k, R) and the space of all 
Maass waveforms with multiplier v and weight k and any spectral parameter is 
denoted by M(r, v, k). To simplify certain Fourier expansions later we will use the 
notation 

W„,fc,flO) = . Wk {n+ )iR (4tt \n + a k \y)e ((n + a k ) x) , and 

y/\n + a k \ 2 6 

Wn,k,R(z) = , | Wk (n )iR (4tt \n - a k \y) e ((n - a k ) x) , 

for z = x + iy £ H, where W; iAt (y) denotes W-Whittaker function in standard 
notation (cf. e.g. [U vol. I, p. 264]) and a k — y|. It is known (cf. e.g. [HI ch. 9]) 
that any / £ M(T, v, k, R) has a Fourier expansion f(z) = X^^L-oo c ( n ) (z) . 



3. Main Result 

Theorem 3.1. There exist a basis o/M(r, v, k, R) consisting of Maass wave forms 
f with Fourier expansions at infinity 

oo 

f(z)= c(n)W„, fc ,fl(z) 

n= — oo 

where the coefficients c (n) satisfy the following multiplicativity relations if c (0) 7^ 0. 
For positive integers m, n with 12m = 12rt = mod k set m\ — i^p and n\ — . 
// (mi + 1,D) = (ni + 1,D) = 1 i/ien 

(2) c(m)c(n) = c(0) ^ x fe (d) c 

0<d|(mi + l : ni + l) 

whereas if (mi — 1,-D) = (ni — 1, 13) = 1 i/ien 
(3) 

c(-m)c(-n)=A M c(0) Xk (d) c 

0<e2|(mi— l,ni— 1) 



(mi + 1) (ni + 1) 
d 2 



- 1 



(mi - 1) (ni - 1) 
d? 



- 1 
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whe 



(4) A fe , 



Proof. We will prove this theorem in the following sections by constructing appro- 
priate self-adjoint Hecke (and Hecke-like) operators acting on M(r, v, k, R) satisfy- 
ing certain multiplicativity relations. □ 

Remark 3.2. If k\12 then ([2]) and J3]) hold for all positive integers m and n. 

Remark 3.3. The condition c (0) ^ is required to obtain this particular form of 
relations ([2j) and Q. If c (no) ^ for some no we get a similar set of relations since 
the multiplicativity of the Hecke eigenvalues, e.g. ([9]) and (fl2| will still hold while 
the explicit formulas |(7|) and ifTTj) have to be changed accordingly. If (no,D) = 1 
the relations will even be as simple and if k\12 it is also easy to show that if / is 
a simultaneous Hecke eigenform then c (0) ^ unless / = 0. For the rest of the 
paper we assume for simplicity that c(0) 7^ 0. 

Explicit examples of multiplicativity relations are given in the last section. 

4. Hecke Operators and Multiplier Systems 

The standard way to view Hecke operators today is via the action of double 
cosets, cf. e.g. Shimura [18] or Miyake [14]. It is possible to describe precise con- 
ditions for the existence of Hecke operators defined by actions of double cosets 
also in the setting of general multipliers and weights, cf. |20[ §2.4.6]. One problem 
that arises in the general setting is to make a consistent definition of the operators 
T(p,p) (in the terminology of [18] and [14]). 

In part because of this difficulty we instead use a construction based on the 
ideas of Wohlfahrt [22] (also van Lint [21]) which is more in the spirit of Hecke 
[7]. The key point in this construction is to find the specific linear combination of 
weight k slash actions by elements of a complete set of T inequivalent matrices of 
determinant n. The Hecke operators of Wohlfahrt differs slightly from the standard 
construction for non-square free integers. 

In this section we will encounter two different types of Hecke operators k 
which have different properties depending on whether km = ±fc mod 12. In the 
following section we construct a kind of "Hecke-like" operator, OJ^ k , which consists 
of a Hecke operator k composed with another operator 8. These Hecke-like 
operators are crucial in obtaining the new kind of multiplicativity relations ((3j) • 

Proposition 4.1. Let m be a positive integer satisfying km = k mod 12. We can 
then define a Hecke operator k : M(r, v, k, R) — ■> M(r, v, k, R) by 

v ad— 71, d>0 b mod d 

and if f (z) has Fourier coefficients c (n) then k f (z) has Fourier coefficients 
d (n) where 



(6) d(n) = £ Xk(d)c 

0<d\(m,n-k^^-) 



nm k (m — d 2 ) 
~~d? + UdP 
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(7) A* 




7 / T m,fe/ = X ™,kf and c (0) + then 

'^Tp~) ' (D,n) — 1, and 

^j+W^c^), (U,n)>l. 

Proo/. We follow the construction of Wohlfahrt [22]. Let Q = ( ™ ?), A»,6,d = (o d) 
and define the sets 

7Z-m — {Pa,b,d', ad — m, b mod d, (a, b, d) = 1} , and 

T^m = {A»,6,<2> ad — m, b mod d} . 

It is well-known (cf. e.g. [22] p. 244], [H p. 142] or [Til P- 167]) that both ft m and 
lZ* m are complete sets of left T-inequivalent matrices in GL(2,Z) with determinant 
n. The Wohlfahrt operator T (Q) given by 

(8) T(Q)/ = -L £ 



m 

where (/3) = ui (A) w 2 (-B) for /3 = AQB E TZ m is shown to map the space 
M(r, i>i, k, R) into M(r, 1)2, k, R). In our case, with Q as above v% = v and t>2 = 
f m = w since mk = k mod 12. To compute the numbers vq (/3) explicitly we use 
the explicit formula (UJ together with v (—A) = er^ %k v (A) valid for all A e T and 
the decomposition ( g h d ) = ( _ x d „ ) Q ( " ~£ ) , ub + va = 1 . We now see that 

«oG9a,M) = «(-ii)"(r;) 

= ^d^(i-d) = ^kd-d) = ^d Xk (d) 5 

where Xk (d) = (^f) k for odd d and is in our cases always real since either k is even 
or d is odd. From J5]) we see that T^ k is defined by a similar sum but instead over 
lZ* n . Clearly 

K* m \K m = {Pia>,w,ldi = (i l ; * 2 K 6' mod d'} 

and thus 

T v m .kf{z) = T{Q) + Y,\xk (l)T$, k . 

I 2 |m 

Using induction on the number of prime factors of m together with the properties 
of T (Q) we see that T% k is indeed a map from M(T, v, k, R) to M(T, v, k, R). The 
Fourier coefficients are easily obtained by direct computation: 



T v m j = 4= E x fc («o E r M $>(n)w„, fc , fl 

v ad—m.d>0 b mod d n 

v ad=m,d>0 n 6=0 x 

and using the Gauss sum formula 



flz + 6 
d 



fc \ 1 
12 J d 



E e(±-[l2n + k-bd*k])=\ d > *n + ±=d(l + m),leZ, 
^ U2d L V |0, else 



b mod 
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it is easy to see that 

i oo / k(d 2 

T^ k f(z) = -= Y, Xk(d)Vd J2 cU+ K 12 M W al+t ^ kR (z) 

ad—m l — — oo\ / 



Ef 7^ / mn k(m - a 2 ) \ 



ad=m n _ fc(m-l) mod Q 



El \— , . / mn fc (to - a 2 ) 



> W„,fc,iJ (z) . 



0<o|(m,n- fc( 7r 1) ) 

The formula for the eigenvalues A TOj fc are obtained by comparing the coefficients 
c (0) and d (0) in (jgj) and observing that fm, fc ^" 2 ' 1 ^ = fm, ) = ( TO ' ^he 
multiplicativity relation follows from Lemma l4~7l below. □ 

Remark 4.2. In our case, if km = ±k mod 12 and (to, D) > 1 it can be shown that 
to = ±D 2 mod 12£> 



(12, k) • 

Remark 4.3. By changing the action f\[k,p] to the holomorphic weight k action, 
F\{k,p}, the Hecke operators T^ k for km = k mod 12 can also be defined for 
holomorphic modular forms of weight k and multiplier system v. 

Proposition 4.4. If to is a positive integer and km = —k mod 12 we define two 
different Hecke operators 

T? nk : M(r, v, k, R) -> M(I\ «, k, R), and 

lZ <k :M(T,v,k,R) -> M(T,v,k,R). 

If f G M(r, v, k, R) and g G M(r, v, k, R) have Fourier expansions f (z) — J2 n c ( n ) W n ,k,R ( z ) 
and g (z) = J2 n a ( n ) k R ( z ) respectively then 

oo 

T ^kf( z ) = E d (") W n,k,R i z ) , and 

71 — — OO 
OO 



where 



x ^ fmn k(m + a 2 ) \ 
d(n) = 2^ » («) c 1-^2- ^ , anrf 

0<a |( m ,„_Mi ?5 hl)) V / 

, ^ / tor fc (to + a 2 ) \ 
&(») = X) * fc ( a ) c ^ 

0< a |( m , n+ MB+l)) V 



12a 2 



Proof. The construction of these two operators are exactly as above with the excep- 
tion that now in |(8l) we have vq (AQB) — v\ (A) v 2 (B) with Vi = v and v 2 = v m = v 
for k and V\ = v and «2 = v m — v for fe . 1^ fc is then given by the same 
formula as , while k is given by the same formula with £ interchanged with 

?=r 1 - □ 



HECKE OPERATORS FOR INTEGER WEIGHTS 



7 



Remark 4.5. Note that T" fc can always be defined as the identity operator. But in 
the case k = 6, i.e. k = —k mod 12 it can also be defined as in Proposition 14.41 still 
acting as the identity but shifting the summation in the Fourier series (n — > n— 1). 

Remark 4.6. Observe that the difference between the sets lZ m and the sets TV m we 
are actually summing over in T^consist of certain "trivial" elements of lower order. 
In the case m — p 2 the trivial element is /3o = ( o p ) which acts as the identity in 
PSL(2,R). When the multiplier is trivial or a Dirichlet character x this element 
acts as multiplication by the scalar \ (p) (in the notation of [T4^ [18] this operator 
is denoted by T(p,p)). 

The question of including or excluding these lower order elements is precisely 
what distinguishes the classical Hecke operators for integral weights and characters 
or half integral weights and the theta multiplier system on one hand and the general 
Wohlfahrt operators on the other hand. Cf. e.g. [19] and also [TTj p. 206] where the 
difference is mentioned. 

In practice, the exclusion of the trivial elements results in more intricate mul- 
tiplicativity relations. Cf. e.g. p2l §9]. In relation with this discussion it should 
also be mentioned that the "Hecke like" operators of O [13] (acting on on period 
functions) correspond precisely to the exclusion of /3o in the definition of the Hecke 
operator for p 2 (compare the set X* in [TBI p. 143] with the set 1Z n )- 

We are now in a position to start obtaining the multiplicativity relations. The 
following Proposition is crucial. 

Proposition 4.7. For any positive integers n,m, kn, km = ±fc mod 12 we have 
T v m , k Tl k = Xk(d)T^ >k , kn = k mod 12, 

0<d\ (m.n) 

Tl, k K >h = J2 Xk(d)T^ ;k> kn = -k mod 12. 

0<d\ (m,n) 

The following three lemmas are easy to verify directly by using the definitions 
and comparing both sides of the equalities. 

Lemma 4.8. For any primes p\ ^ P2,<Zi ^ 1i > 3, kpj = —kqi = k mod 12 the 
following commutation relations hold 

rr\V rpt) rpV rpV rpV 

1 Pljk 1 P2,k 1 P2,fc Pl.fe PlP2,fc' 
rpV rpV rjYU rpV rpV 

qi,k <j2,fc 92, k qi,k q\q%,k m 

Furthermore, for primes p,q > 3, kp = —kq = k mod 12 we have 

rpV rriV rriv rr>V rpV 

^q.k^p.k p,k q,k pq,k' 

Lemma 4.9. For any pair of primes p,q > 3 with kp = —kq = k mod 12 we have 

Tpr^T^ = Tpr+i }k + Xk (p) Tpr-i k , r > 1, 
T^, k Tl k = T£ +l!k + Xk (q)T£- ljk ,r>l. 



By induction one then deduce the following Lemma. 



HECKE OPERATORS FOR INTEGER WEIGHTS 



8 



Lemma 4.10. For any primes p,q>2 and pair of integers s, r > 1 we have 
T v r , k T v p%k = Xk (d)T^ k , if kp r = kp s = k mod 12, 

d\(p r ,P s ) 

Tf,kT?,k = E Xk (d)T^ k , if kq r = kq s = -k mod 12, s odd, 

d\(q r ,q s ) 

T v q ,, k T v q ^ k = Y, ** ^ T ^l, fc ' */ ^ = W = ~ fc mod 12 ' s ewn - 



Proof of Proposition \4-l\ The proposition now follows by induction from Lemmas 

Lemma 4.11. // (to, n) — 1 then 

Tmn,k ~ ^m,k^n,&> km = kn = k mod 12, 
T v mn , k = Tl >k Tl k , km = kn=-k mod 12, 

Proof. Together with the definitions, use the relation f3a 1 ,b 1 ,d.iPa, 2 .b 2 -d2 = Pa,b,d with 
a = ai<22, d — d\d,2 and b = a\bi + efo&i and observe that b runs through a 
complete set of residues modulo d as 61 and 62 runs through residues of e?i and c?2 
respectively. □ 

It is clear that as usual the Hecke operators 1™ k with p prime generate the 
complete algebra and that the Hecke eigenvalues satisfy the desired multiplicativity 
relations. 

Proposition 4.12. If f(z) € M(T, v,k, R) is an eigenfunction of all T^ k , km = 
k mod 12 with eigenvalues \ m then the following multiplicativity relation holds for 
all positive integers to, n, km = kn = k mod 12 

(9) A m A„= V Xk(d)Xm^ . 

d\ (m,n) 

Furthermore, if f (z) = Y^ n c ( n ) W n ,fc,i? (z) and if (m, D) = (n, D) = 1 £/zen 

v 7 v 7 d|(m,n) v 

From the last lemma we obtain the relation ([2]) of Theorem 13.11 In Section 14.11 
we will obtain multiplicativity relations for the negative coefficients by introducing 
an auxiliary operator 6 which composed with T* k preserves the multiplier system. 

Definition 4.13. For any pair of functions /, g € M(r, v, k) or M(r,U, k) we define 
the Petersson inner product (cf. [15j) by 



(f,9)= / f(z)g(z)y k - 2 dxdy. 
Jr\n 

Lemma 4.14. Let n and m be positive integers with kn = —km = k mod 12 and let 
k , k and k be the Hecke operators defined in Propositions ^ - 1\ and \4-4\ Let 
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T£* k , T^ k and T^ k be the respective adjoint operators with respect to the Petersson 
inner product. Then 

rpV* _ rpV 

n,k n , k ' 

rpV* / -t\krpV 

m,k V / m,k' 

Proof. We can use the expression for the adjoint of the Wohlfahrt operator given 
in [221 §4 and §6] 

T(Q)*= ^(PjfiM 



where v* Q (/?) =v Q {p*),p = /3 0)M = (g \) and (3* = («j - Q b ). The identification 
of the adjoints above with the right hand sides are thus easily done by evaluating 
V Q (P*) ( as m the proof of Proposition 14. ip and comparing with the corresponding 
factors in T^ k ,T^ lk and k respectively. □ 

Corollary 4.15. If f € M.(T,v,k) is an eigenfunction of all T^ k with kn = 
k mod 12 and has Fourier coefficients c(l) then the quotients jrayc(Z) are real for 
all I such that fc|12Z. 

4.1. The auxiliary operator 0. The operator 8 is essentially the operator de- 
fined by Maass in [121 p. 181]. 9 interchanges the multiplier system with its con- 
jugate and while Maass used 6 in connection with a real multiplier system we will 
compose it with operators k for km = — k mod 12 to obtain Hecke-like operators 
preserving the multiplier system. 
Let 

Ei = {z-z)^-+ k -, and E k = -(* - z) ± + \ 

be the Maass raising and lowering operators. Cf. e.g. [HI p. 369 and pp. 381- 
382] or [121 p. 188]. It is known that for any multiplier system v of weight k 
the operator E k is one-to-one and onto from M(T, v, k, R) to M(T, v, k ± 2, R) if 

a = | + j rVt|(i±|). 

We now define £ k = E 2 _ k o • • • o E k _ 2 o E k and £+ fc = E^_ 2 o • • • o E+ k+2 o E\. 
For A > j it is clear that £ k is a one-to-one and onto map from M(T, v , k, R) to 
M(r, v, —k, R) and that £_ k is one-to-one and onto in the other direction. 

Let J denote the reflection in the imaginary axis, i.e. Jf(z) = f (—z). Clearly 
J is an involution and by using Lemma 12.11 and it is also easy to see that J maps 
M(r,v, k,R) toM(T,v,-k,R) (cf. also p; §2.4.1]). 

Definition 4.16. We can now define the operator as the composition of J and 
E k- 

e = j£ k . 

This operator is clearly one-to-one and onto from M(r, v, k, R) to M(r, v, k, R) as 
well as from M(T,v,k,R) to M(T, v, k, R). 

The following properties of are now easily verified. 

Lemma 4.17. For any f e M(T, v, k, \ + R 2 ) we have 

2 / = A,,^/, 
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where A kiR is given by 

Proof. The action of the Maass operators on a Fourier series is given by 



i J-l, e = ±l, 

Wh €>iR (y) e (x) =±W h ±2 e (y)e(x) x \ { k(k±Z)_ + i + r2 \ e = t1 



Using this formula it is clear that if / (z) — J2 n c ( n ) W n<k [z) then 

oo 

Qf = J£-f(z) = S nc(-n)W* tktR {z), 



71= — OO 



R 2 



where S n = 1 if n > 1 and 5 n = A k ,R if n < 0. That 

. sfc tt Afc - 2j) (A: - 2 - 2?) + 1 

(io) A k , R = (-^ n f i — — ^ — 

3=0 ^ 

is also given by the formula of theorem is easy to verify for all integers k, 1 < k < 11. 
It is now easy to see that Q 2 f — A kR f ■ D 

Lemma 4.18. The adjoint of with respect to the Petersson inner product is 
given by 

e* = (-l) fe 6. 

The formula of Theorem 13.11 is then easy to verify for all k. The lowering and 
raising operators are adjoints with respect to the Petersson inner product in the 
sense that E k * = E£_ 2 (cf. e.g. pp. 135-136] and note that E% = R k while 
E k = —L k ). It is clear that the adjoint of 9 is given by 

e* = s+ k j 

where £^ k is the adjoint of £ k . By direct verification it is now easy to see that 

0* = (-l) fe 6. 

Definition 4.19. For any positive integer m with km = —k mod 12 we define 

®m,fc = ^m.feQ- 

Lemma 4.20. The operator commutes with the Hecke operators, i.e. for km = 
—k mod 12 

Proof. By direct verification. □ 
Lemma 4.21. 0^ k is self-adjoint for any positive integer m with km = —k mod 12. 

Proof. This follows clearly from the fact that 0* = (-l) fe and T^* k = (-l) fe k . 

'□ 

Proposition 4.22. Let m be a positive integer with km = —k mod 12 we can 
then define the Hecke-like operator Q v mk — k Q on M(r, v, k, R). Let f{z) S 
M(r, v, k, R) be given by the Fourier expansion f (z) — J2 n c ( n ) Wn,k,R ( z ) then 



® V m , k m= E d(n)W n ^ R (z) 
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whe 



din) = Xk(a)S a c 

0<a|(m,n+^+ii) 





else. 

In particular, if <d^ n k f — fi m f and c (0) ^ i/ien 



1 fc(-fc^), (m,-D) = l, and 



c(0) [c(-fci±f )+ x *(D)c -fc^ , (m,D)>l 



(11) ^ 

Proof. The formula for d (n) is obtained by direct computation. For the eigenvalue, 
/i OT , a similar argument as in the proof of Proposition l4.1l shows that (m, Ml2±I)^ — 
(m, D) and Z) is necessarily prime since k £ [1, 11] n Z. □ 

Proposition 4.23. For any positive integers m^and rri2 such that km\ = krri2 = 
— fc mod 12 

d\ (mi ,1112) 

Wis deduce that if f is an eigenform of &" q k and all T£ k for all primes with kp = 
~kq = k mod 12 it is an eigenform of all T^ k and all 8^ k with kn = —km = 
k mod 12. If we denote the eigenvalues by A„ and jjb m respectively we have 

(12) HmHn = Afc,_R ^2 Xk(d)\^. 

d\(m,n) 

If f (z) = ^2 n c (n) Wn.fc,;? (z) then, for all km = kn = —k mod 12 with (m, D) = 
(n,D) = l 

m + l\ / n + l\ . / 7\ f,mn-d 2 

7 v 7 d|(m,n) v 

Proof. The first part is easily established by direct verification. The multiplicativity 
relation follows from Lemma l4~7l and l4,20l and Q is now immediate by interchanging 
to with fc^gi. □ 

Lemma 4.24. The family T = \T£ k \ u{e^ fe j con- 

I ' J kn=k mod 12 I ' J krn= — k mod 12 

sisis 0/ self-adjoint operators on M(T, Furthermore the operators in T a/so 

commute amongst themselves and with the weight k Laplacian A&. 

Proof. The self-adjointness follows from Lemmas l4.14l and l4.21l That the operators 
commute with each other other follows from Proposition 14.71 and Lemma T4.20I A& 
commutes with the Hecke operators due to the well-known fact that it commutes 
with the weight k slash-action. To verify this fact it is easiest to write A^ and the 



slash action in terms of z and z using 



dz 



1 


JL _ a A. 


d 1 




2 


dx dy 


' dz ~ 2 


dx dy 



and 



iArg(cz+d) _ [ cz+d \ 2 n 
\ cz+d I - 
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A standard theorem from linear algebra about simultaneously diagonalization of 
self-adjoint linear operators (although normality is enough) now proves the following 
corollary. Together with Propositions 14.121 and 14.231 this concludes the proof of 
Theorem OLD 

Corollary 4.25. There exist a basis of M(T, v, k, R) consisting of eigenf unctions 
of all T% k and k for kn = —km = k mod 12. 

5. Numerical Examples 

In this section we will write down some examples of multiplicativity relations for 
various weights k, chosen so as to illustrate all relevant properties. Using algorithms 
for computing Maass waveforms with non-trivial multiplier systems as detailed in 
e.g. chapter two of [20] we also demonstrate some numerical evidence for these 
multiplicativity relations. 

Any / 6 M(r, v, k, R) have a Fourier expansion / (z) = ^ n c(n)W nt k{z) and 
we use either the normalization c(l) = 1 or c(0) = 1. If nothing else is stated 
c(l) = 1 but in certain cases (e.g. k = 6) the normalization c(0) = 1 results in 
much more stable numerics. We will also use the standard notation that c{x) =0 
if x is not an integer. 

Observe that this type of arithmetical normalization implies that the relative 
sizes of coefficients with positive and negative indices respectively differ with several 
orders of magnitude. This can most easily be seen in the relations like ^ relating 
on one side negative coefficients and on the other side positive coefficients. In such 
relations the factor ^/\Ak~R\ is clearly distinguishable as a good measure of the 
difference in magnitude. 

Example 5.1. Let k = 2, then (k, 12) = 2 and D = 1. For m = —n = 1 mod 6 we 
have 



A, 



c(0) 



1 



G 



1 



c(0) 



1 



(i 



, and A 2 r 



\ +R2 



For m = 7 and n — 13 we have A7, 2 Ai3,2 — Agi, 2 or equivalently 

c(l)c(2) =c(0)c(15). 



For m = n = 7 we have \j 2 = A 



49,2 



X2 (7) Ai or equivalently 



c(l) 2 = c(0) [c(8) + c(0)]. 
For m = 5 and n = — 1 mod 6 and (5, n) — 1 we have 

or equivalently, using a change of variables to I — : 



(13) 



c(l)c(-0 = c(0)A 



k,R 



c{5l - 1) 



l-l 



Table[T]contains numerical values of Fourier coefficients for / € M(r, v, 2.95645894117486). 
The third column of this table consists of numerical values of lfl3l) . 



Example 5.2. Let k 

have 



3, then (k, 12) = 3, D = 1. For m 



1 mod 4 we 



Am, 3 — 



1 



c(0) 



m — 1 



Mn,3 



c(0) 



, and A 3 ,r = -R 2 (l + R 2 Y 
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For m = n = 3 = — 1 mod 4 we get 

M3,3 = A 3,fl(A9, 3 +X3(3)Ai !3 ), 

or equivalently 

c(-l) 2 = A 3 , fl c(0) [c(2)-c(0)]. 

In Propositions l4.1l and l4,22l one can compare any coefficient to compute eigenvalues 
A m or n m . Let m = 1 mod 4 then using the first coefficient gives the alternative 
expression 



A 



m,3 



c(l) 



d|(m,^2) 



rn 
rf2 



1 



12d 2 



c(l) 



5m — 1 



m — b 
20 



Changing variables to I 
I: 



ln ^- we get the following relation for each positive integer 



c(0c(l) = c(0) 



c(5^ + 1) + c 



Z - 1 



Table [5] contains numerical values of some of the above mentioned relations for 
/ S M(r>, 3.31105967012734) normalized with c(l) = 1 and Fourier coefficients 
given in Table [21 



Example 5.3. Let fc = 5, then (fc, 12) = 1 and D = 5. For m = — n 
with (m, D) = (n, D) = 1 we have 



1 mod 12 



A 



1 



m,5 



-c 5 



m — 1 



j Mn,3 — 



c(0) 



c -5 



TO + 1 

12 



and 



c(0) V" 12 
A 5 ,« = -i? 2 (l + i? 2 ) 2 (4 + i? 2 ) 2 . 

For to = n = 13 we have A 2 3 = Ai69 + X5 (13) Ai or equivalently 

c(5) 2 =c(0) [c(70)+c(Q)]. 

For n = 11 and m = — 1 mod 12 we have 

Mn,5Mm,5 = A 5; i{ [An m + Xfc (11) Am] , 

where we also interpret A^ as unless x is a positive integer. Equivalently using 
change of coordinates to we have for all Z = mod 5 with — 1, 5] = 1: 



c(-5)c(-i)=V(0) 



c(llZ - 5) - c 



11 



To illustrate relations involving the more complicated eigenvalues possible for D > 1 
we consider to = 35 = —25 mod 60 and n = 11 = — 1 mod 12. We have 

and here M35 = ^ [c (-5^) + % 5 (5) c (-5^)] = [c (-15) + c (-1)] and 



c(0) 



[c (160) + c (6)]. The corresponding coefficient relation is thus 



[c (-15) + c (-1)] c (-5) = -i? 2 (1 + R 2 



R 2 ) c(0) [c(160) + c(6)] 



As an example we consider / £ M(T, v, 5, R) with i? = 3.6624068669081 and coeffi- 
cients given by Table [3j Some numerical examples of the above mentioned relation 
is found in Table EJ 
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Example 5.4. Let k = 6, then (k, 12) = 6 and D = prygy = 1- This is a very 
special case since k = ~k mod 12 and thus v — v. For a positive odd integer m 
both types of Hecke operators can be defined and 

1 fm-l\ 1 / m+l\ 
Am ' 6 = 7W) C {~^)^ m ^W) C { 2-J' and 

A*,a = Q + ^) 2 (l + ^) 2 (T + i?N2 
For m = 5, n = 3 we have A5.6A3.6 = Ai5,6 and //5,6/-t3,6 = Ag^A^e or equivalently 

c(2)c(l) = c(0)c(7),and 
c(-3)c(-2) = A 6 , H c(0)c(7). 

From this we see that 

c (2) c (1) = c (-2) c (-3) A-j, = c (-2) c (-3) . 

For m=lwe have /xf 6 = A6,.rAi ; 6 which implies that 

c(-l) 2 =c(0) Aa, K . 

For any positive integer I set m — 1 and u = 2Z — 1 then jUi,6Mn,e = A6,ijA ni 6 and 
hence 



n — 1 



c (-1) c (-0 = c (0) A 6 , R c (^^J = c (-1) 2 c (/ - 1) , 
which implies that 

(14) c(-0 = c(-l)c(I-l). 

For a specific example consider / € M(r,w,6,i?) with i? = 3.70330780105981, 
normalized so that c (0) = 1 and Fourier coefficients as given in Table HI See also 
in particular the third column of this table where lfl4|) is listed. 
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Table 1. Fourier coefficients for / e M(T, v, 2, 2.95645894117486) 
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Table 2. Fourier coefficients for / € M(T, v, 3, 3.31105967012734) 
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Table 3. Fourier coefficients for / e M(r, v, 5, 3.6624068669081) 
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Table 4. Fourier coefficients for / e M(T, v, 6, 3.70330780105981) 
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Table 5. Various Multiplicative Relations 



k = 2,R = 2.95645894117486 



c(l)c(2) - c(0)c(15)| 
c(l) 2 -c(0) (c(8) + c(0))| 

c(-l)c(-1996) -, 

c(0)A 2 ,h[c(9979)+c(399)J l 



= 5.9E-09 
= 3.7E-10 

= 4.7E-08 



k = 5, R = 3.6624068669081 



c(5) 2 - c(0) (c(70) + c(0)) = 5.4£-08 



[e(-15)+e(-l)]e(-5) 
A 5 , H c(0)[c(160)+c(6)] 
c(-5)c(-5) 



1 



A 5 ,k(c(50)-c(0)) 



= 7.7£;-07 
= 2.1.B-08 



k = 3, i? = 3.31105967012734 



c(-i) 2 

c(0)A 6 . J? lc(2)-c(0)] 
c(2)c(l) 



c (o)c(ii; 

c(3)c(l) 



- 1 



1 



= 7.8^-12 
= 2.1.B-10 
= 2.2£-10 



c(0)c(16 

fc = 6, R = 3.70330780105981 



c(2)c(l)-c(0)c(7)| = 
c(-1) 2 /A 6 ,k-1 



c(-139) 



c(138)c(-l) 



2.1.B-09 
3.6S-08 

2.3£-07 



